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Abstract
In this paper, we introduce an algebraic approach to construct Fokas-Lagerstrom
coherent states. To do so, we define deformed creation and annihilation op-
erators associated to this system and investigate their algebra. We show
that these operators satisfy the f -deformed Weyl-Heisenberg algebra. Then,
we propose a theoretical scheme to generate the aforementioned coherent
states. The present contribution shows that the Fokas-Lagerstrom nonlinear
coherent states possess some non-classical features.
Keywords: Nonlinear Coherent States; Superintegrable Systems;
Fokas-Lagerstrom Potential
PACS: 03.65.Fd, 42.50.Dv
1. Introduction
It is well known that an N -dimensional classical or quantum system is
called completely integrable if there are N functionally independent well de-
fined constants of motion (including the Hamiltonian) in involution [2, 32].
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Furthermore, if it is possible to obtain 2N − 1 constants of motion, the
system is called maximally superintegrable, provided that the Poisson brack-
ets (or the commutators) of these constants of motion with the Hamilto-
nian vanish (in general, only N of 2N − 1 constants are in involution)
[32, 23, 5, 6, 33, 4, 28]. Famous examples of the superintegrable systems
are the isotropic harmonic oscillator and the Kepler-Coulomb potential. It is
worthwhile to note that their higher order symmetries, play the fundamental
role in solvability and other interesting properties of these physical systems.
In the last decades, coherent states of the harmonic oscillator [8] and
generalized coherent states associated with various algebras [22, 11, 1] have
been playing an important role in various branches of physics. The coherent
states, which defined as the right eigenstates of the annihilation operator aˆ,
are the quantum states with classical-like properties. In other words, they
are the closest analogue to classical states. On the other hand, the gen-
eralized coherent states exhibit some nonclassical properties and, therefore,
have received an ever-increasing interest during the last decades. Among
the generalized coherent states, the nonlinear coherent states or f-deformed
coherent states [26, 24, 25] have attracted many interests in recent years
due to their applications in quantum optics and quantum technology. It is
shown that the statistical characteristics of these states exhibit some non-
classical features, such as photon antibunching [10], sub-Poissonian photon
statistics [29] and squeezing [9]. These states, which are associated with non-
linear algebras [26, 18], could be generated in the center-of-mass motion of
an appropriately laser-driven trapped ion [30, 15] and in a micromaser under
intensity-dependent atom-field interaction [20].
Recently, one of us defined the nonlinear coherent states for some of the
two-dimensional superintegrable systems, including the isotropic harmonic
oscillator on a sphere [16] and the Kepler-Coulomb problem on a sphere
[14]. In the present contribution, we study the Fokas-Lagerstrom potential
as the another example of the two-dimensional superintegrable systems [7].
Our approach which is based on the f-deformed harmonic oscillator algebra
and the nonlinear coherent states, can increase the insight about the Fokas-
Lagerstrom system. Of course, the Fokas-Lagerstrom potential was consid-
ered previously [7, 3]. The distinction between the present paper and the
mentioned references is that our approach is based on the algebraic methods
of the nonlinear coherent states.
The paper is organized as follows. In Sec. 2, we briefly review the super-
integrable systems. By using the nonlinear oscillator approach in Sec. 3, we
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investigate the Fokas-Lagerstrom system, as an example of two-dimensional
superintegrable systems and show that the algebra of the this system can
be considered as an f -deformed Weyl-Heisenberg algebra. We define non-
linear coherent states for the Fokas-Lagerstrom potential and examine their
resolution of identity in Sec. 4. In Sec. 5, we propose a scheme to gen-
erate the aforementioned coherent states. Sec. 6 is devoted to the study
of the quantum statistical properties of the constructed nonlinear coherent
states, including mean number of photons, Mandel parameter and quadra-
ture squeezing. Finally, the summary and concluding remarks are given in
Sec. 7.
2. Superintegrable systems
In classical mechanics, an N -dimensional system is called superintegrable,
if it has more than N independent constants of motion. Furthermore, if the
system has exactly (2N−1) independent constants of motion (the maximum
number) and also if all of these constants are single valued and globally
defined, then the system is called maximally superintegrable system [2, 32].
To be specific, for a classical system in two dimensions, described by the
following Hamiltonian:
H = H (x, y, px, py) , (1)
if there exist two independent constants of motion C1 and C2, so that we
have,
{H, C1}PB = {H, C2}PB = 0,
{C1, C2}PB 6= 0, (2)
then this system is called a superintegrable system. Here, { , }PB denotes
the Poisson bracket [32].
In quantum mechanics, a two-dimensional system described by a Hamil-
tonian Hˆ is called integrable, if is possible to find an operator Cˆ1 commuting
with the Hˆ [32]:
[Hˆ, Cˆ1] = 0. (3)
This system is also called superintegrable, if there exists another operator Cˆ2,
linearly independent of Hˆ and Cˆ1, that commute with Hˆ but not commute
with Cˆ1, so that,
[Hˆ, Cˆ2] = 0, [Cˆ1, Cˆ2] 6= 0. (4)
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3. Fokas- Lagerstrom system
We consider the quantum Fokas-Lagerstrom system, described by the
Hamiltonian [7]:
Hˆ =
1
2
(Pˆ 2x + Pˆ
2
y ) +
xˆ2
2
+
yˆ2
18
, (5)
(in this paper we put ~ = m = ω = 1). By introducing the following
operators:
Jˆ = Pˆ 2x + xˆ
2, (6)
Bˆ =
1
2
{XˆPˆy − Yˆ Pˆx, Pˆ 2y }+
Yˆ 3Pˆx
27
− {XˆYˆ
2, Pˆy}
6
, (7)
where {, } is the usual anticommutator, and making use of Eq.(5), it can be
easily shown that the following commutation relations hold [3],
[
Hˆ, Bˆ
]
=
[
Hˆ, Jˆ
]
= 0,[
Jˆ , Rˆ
]
= 4Bˆ, (8)[
Jˆ , Bˆ
]
= Rˆ.
With these in mind, and considering the definition of the superintegrable
systems, it is clear that the Fokas-Lagerstrom system is a quantum superin-
tegrable system. Now, by defining the following operators:
nˆ =
Jˆ
2
− uIˆ,
Aˆ† = Bˆ +
Rˆ
2
,
Aˆ = Bˆ − Rˆ
2
, (9)
where u is a constant to be determined, it is seen that the operators Aˆ, Aˆ†
and nˆ satisfy the following closed algebra [3]:
[nˆ, Aˆ†] = Aˆ†,
[nˆ, Aˆ] = −Aˆ,
[Aˆ, Aˆ†] = Φ(Hˆ, nˆ+ 1)− Φ(Hˆ, nˆ). (10)
4
where the structure function φ is given by
Φ(E, x) =
1
9
(2x+ 2u− 1)(2E + 1− 2x− 2u)
×(6E − 6u− 6x)(6E − 6u+ 5− 6x). (11)
This structure function, for n ≥ 0 is a real definite positive function and
also φ (E, 0) = 0. Now, for each energy eigenvalue it is possible to define the
corresponding Fock space as below [3, 21],
Hˆ |E, n〉 = E |E, n〉 ,
Nˆ |E, n〉 = n |E, n〉 ,
Aˆ |E, 0〉 = 0,
|E, n〉 =
(
A†
)n
√
[φ(E, n)]!
|E, 0〉 . (12)
For a discrete energy eigenvalue E, there is the N + 1-dimensional degener-
acy. So, we deal with an N -dimensional Fock space corresponding to that
eigenvalue energy as,
Hˆ |N, n〉 = EN |N, n〉 , N = 0, 1, 2, ..., (13)
nˆ |N, n〉 = n |N, n〉 n = 0, 1, 2, ..., N. (14)
The combination of this restriction along with φ (E, 0) = 0 and φ (E,N + 1) =
0, determines u and the possible energy eigenvalues as below [3]:
u =
1
2
, (15)
EN = N + 1, (16)
EN = N +
2
3
, (17)
EN = N +
4
3
. (18)
Therefore, the allowable structure functions are respectively given by,
Φ(EN , x) = 16x(N + 1− x)(N + A− x)(N +B − x), (19)
where, the constants A and B are corresponding to one of the pairs (2/3, 4/3),
(2/3, 1/3) or (5/3, 4/3).
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As is well known, the f -deformed annihilation and creation operators asso-
ciated with an f -deformed harmonic oscillator can be defined as [18],
Aˆ = aˆf(nˆ) = f(nˆ+ 1)aˆ,
Aˆ† = f †(nˆ)aˆ† = aˆ†f †(nˆ+ 1), (20)
where aˆ, aˆ† and nˆ are the bosonic annihilation, creation and number op-
erators, respectively, and f(nˆ) is a real nonnegative deformation function.
These deformed operators satisfy the commutation relation
[Aˆ, Aˆ†] = (nˆ+ 1)f(nˆ+ 1)fˆ †(nˆ+ 1)− nˆf(nˆ)f †(nˆ). (21)
On the other hand, with respect to the algebraic structure of Fokas-Lagerstrom
superintegrable systems, Eq. (10), we have
[Aˆ, Aˆ†] = Φ(Hˆ, N + 1)− Φ(Hˆ, N). (22)
Now, if we deal with a constant energy, EN , then Φ(Hˆ, nˆ) depends only on
nˆ and if we now compare Eq. (21) with Eq. (22), we find that:
nf 2(n) = Φ(EN , n). (23)
Therefore, we can consider the algebra of Fokas-Lagerstrom system as a de-
formed Weyl-Heisenberg algebra with the following deformation function:
f(n) =
√
16(N + 1− n)(N + A− n)(N +B − n). (24)
Now, by using the deformed creation and annihilation operators, A and A†,
we arrive at
Aˆ|0〉 = 0 = Aˆ†|N〉. (25)
Thus, we conclude that for any constant N , corresponding to the constant
value of energy EN , there is a Hilbert space with finite dimension.
In the next section, we intend to construct the finite-dimensional coherent
states corresponding to the Fokas-Lagrestrom potential.
4. Fokas-Lagrstrom nonlinear coherent states
Let us now turn to define the finite-dimensional nonlinear coherent states
corresponding to the Fokas-Lagrstrom potential. We follow the formalism of
6
truncated coherent state approach introduced in [13], to define the Fokas-
Lagrstrom nonlinear coherent states (FLNCSs). Therefore, we have:
|z〉F.L = C−
1
2
(|z|2) exp(zAˆ†)|0〉, (26)
where z is a complex number. After some calculations, the above nonlinear
coherent state can be recast into the following form:
|z〉F.L = C−
1
2
(|z|2)
N∑
n=0
zn√
ρ (n)
|n〉 , (27)
where ρ(n) is defined as:
ρ(n) = (
1
16
)n
[
Γ(n+ 1)Γ(N − n+ 1)
N !
] [
Γ(N + A− n)
Γ(N + A)
]
×
[
Γ(N +B − n)
Γ(N +B)
]
. (28)
Here, Γ is the gamma function, and the normalization constant C is given
by,
C
(|z|2) =
N∑
n=0
|z| 2n
ρ (n)
. (29)
4.1. Resolution of identity
In this section, we intend to show that the constructed FLNCSs form an
overcomplete set. In other words, we would show:
∫
d2z|z〉W (|z|2)〈z| =
N∑
n=0
|n〉〈n| = I. (30)
The resolution of identity can be achieved by finding a measure function
W (|z|2). For this purpose, by substituting |z〉F.L from the Eq. (27) into
Eq. (30) we obtain,
∫
d2z|z〉F.LW (|z|2)F.L〈z| = π
∞∑
n=0
|n〉 〈n|
ρ (n)
∫ ∞
0
d(|z|2)|z|2nW (|z|
2)
C (|z|2) , (31)
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where we have used: z = |z|eiθ and d2z = 1
2
d(|z|2)dθ. Now, by using the
change of variable x = |z|2 and considering w (x) = πW(|z|
2)
C(|z|2)
, we should
have: ∫ ∞
0
dx xn w (x) = ρ (n). (32)
The above integral is called the moment problem and well-known mathemat-
ical methods such as Mellin transformations can be used to solve it [12, 19].
From definition the of Meijers G-function, it follows that,
∫
dx xk−1Gm,np,q
(
βx
∣∣∣ a1, · · · , an, an+1, · · · , ap
b1, · · · , bm, bm+1, · · · , bq
)
=
1
βk
∏m
j=1 Γ(bj + k)
∏n
j=1 Γ(1− aj − k)∏q
j=m+1Γ(1− bj − k)
∏p
j=n+1Γ(aj + k)
. (33)
Therefore, by comparing Eqs. (32) and (33), we find that the weight function
can be written as,
w(x) =
16
N ! Γ(N + A) Γ(N +B)
×G1,33,1
(
16x
∣∣∣ −N − 1, −N − A, −N − B
0
)
. (34)
In this manner, it is seen that the FLNCSs satisfy the resolution of identity
and consequently form an overcomplete set.
5. The Physical Generation of FLNCSs
To generate an arbitrary but finite superposition of Fock states, a physical
scheme has been proposed in Ref. [31]. In this method, N two-level atoms
which are prepared in a specific superposition of the excited state |a〉 and
the ground state |b〉 interact with a resonant mode of radiation field in a
cavity via the Jaynes-Cummings Hamiltonian. The cavity field is initially in
the vacuum state. By choosing atoms with appropriate initial states, it is
possible to produce the desired state. In the resonator, the measurement of
the internal state of the atom after it has passed through the cavity leaves
the quantum states of field in a pure state. After the interaction of (K−1)‘th
atom with cavity field, we make a measurement on the atomic state. If we
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find the atom in the ground state |b〉, the state of the radiation field reads:
∣∣ϕ(k−1)〉 =∑
n
ϕ(k−1)n |n〉 . (35)
If the atom found in the excited state, our attempt to create the desired field
state fails and we go back to vacuum state and start the procedure again.
Therefore, the state of the atom-field system after the K‘th atom in the
atomic state |a〉+ iεk|b〉 exit the cavity is given by
|Φ(k)〉 =
∑
n
ϕ(k−1)n C
(k)
n |n, a〉 − iS(k)n |n+ 1, b〉 (36)
+iǫkC
(k)
n−1|n, b〉+ ǫkS(k)n−1|n− 1, a〉,
where
Ckn = cos
(
gτk
√
n+ 1
)
, (37)
Skn = sin
(
gτk
√
n+ 1
)
. (38)
Besides, the new coefficients ϕn
(k) are given in terms of the ϕn
(k−1) as
ϕ(k)n = S
(k)
n−1ϕ
(k−1)
n−1 − εkC(k)n−1ϕ(k−1)n . (39)
We are now in a position to generate the finite-dimensional FLNCSs |z〉F.L
based on this approach. For this purpose, we need to obtain that field com-
bination state,
∣∣ϕ(N−1)〉 =
N−1∑
n=0
ϕn
(N−1) |n〉, (40)
of N number states such that after the N ‘th atom with the atomic superpo-
sition |a〉 + iǫN |b〉 passed through the cavity and has been detected in the
ground state, the field in the cavity become,
|z〉F.L =
N∑
n=0
dn |n〉 , (41)
where
dn = C
− 1
2
( |z|2) zn√
ρ (n)
. (42)
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By using Eq. (39), we get a set ofN+1 equations which N coefficients ϕn
(N−1)
and the parameter εN can be obtained from it. The unknown coefficient
ϕn
(N−1) is given by [31]
ϕ
(N−1)
n =
N−n∑
υ=1
[
n+µ−2∏
µ=n
C
(N)
µ
S
(N)
µ
]
dn+υ
S
(N)
n+υ−1
ευ−1N . (43)
We also have the characteristic equation for εN as
d0 +
N∑
υ=1
[
υ−2∏
µ=0
C
(N)
µ
S
(N)
µ
]
dυ
S
(N)
υ−1
ευN = 0. (44)
We choose εN as one of the N roots of the Eq. (44) which is a polynomial
of degree N . In order to obtain other parameters εN−1, ..., ε2 and ε1 by a
recurrence relation, we take |ϕ(N−1)〉 as a new desired state which can be
generated by sending N−1 atoms through the cavity. By following the same
procedure, N − 1 coefficient ϕ(N−2) and the parameter εN−1 are obtained.
Repeating the calculations yields a sequence of complex numbers ε1, ε2, ..., εN
that defines the internal state of the N injected atoms into the cavity in order
to generate the desired state |z〉FL.
To be specific, we illustrate step by step generation of the FLNCSs with
N = 2 by using the space distribution Q-function [27]. The Q-function of a
pure state |ψ〉 is defined as
Q (α) =
|〈α|ψ〉|2
π
, (45)
where |α〉 is the standard coherent state.
Fig. 1 displays the Q-function and the counter lines of the Q-function for
the cavity state |ϕ(k)〉 after the k‘th atom has passed through the resonator
and has been detected in ground state for a fix interaction parameter gτ =
π
5
and k = 0, 1, 2.
6. Quantum Statistical Properties of the FLNCSs
In this section, we we shall proceed to study some quantum statistical
properties of the FLNCSs, including probability of finding n quanta, mean
number of photons, Mandel parameter and quadrature squeezing.
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6.1. Photons-number distribution
By using Eq. (27), the probability P (n) of finding n photon in the
FLNCSs is given by
P (n) =
1
ΣNn=0
|z|2n
ρ(n)
|z|2n
ρ(n)
. (46)
As it is clear from the above complex equation, it is difficult to predict the
results analytically. Therefore, in Fig. 2 we show the effect of the parameter
z on the probability of finding n photons in the FLNCSs with A = 2/3 and
B = 1/3. To get further insight, let us consider the limiting case z −→ ∞.
Form Eq. (46), we obtain that the probabilities P (n) tends to δn,N . In other
words, by increasing z, the FLNCS |z〉 approaches to the number state |N〉.
The mean number of photons in the FLNCSs is calculated as follows:
〈nˆ〉 =F.L 〈z| aˆ†aˆ |z〉F.L =
N∑
n=0
nP (n). (47)
In Fig. 3, the mean number of photons in FLNCSs is plotted in terms of
z for (A,B) = (2/3, 1/3) and for different values of N . It is seen that for
a constant N , by increasing z, the mean number of photons increases, and
in the limit of z −→ ∞ we get: F.L 〈z| nˆ |z〉F.L → N . In addition, for a
fixed value of z, the mean number of photons is increased by the increasing
the dimension of Hilbert space N . It is worth noting that these results are
consistent with the results in Fig. 2.
6.2. Mandel parameter
In this subsection, we investigate deviation from the Poisson distribution
for the FLNCSs by using the Mandel parameter. This parameter is defined
as [17]:
M =
(∆n)2 − 〈n〉
〈n〉 , (48)
where the positive, zero and negative values represent super-Poissonian, Pois-
sonian and sub-Poissonian distribution, respectively. Due to the complexity
of the final form of the Mandel parameter for the FLNCSs, we do not at-
tempt to obtain its analytic form. Instead, we numerically study the Mandel
parameter for these states. In Fig. 4, we have plotted the Mandel parameter
of the FLNCSs with respect to z for (A,B) = (2/3, 1/3) and different values
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of N . The results show that, for a fixed value of N , the photon counting
statistic of the FLNCSs becomes more sub-Poissonian with increasing z and
then tends to −1 at very large values of z. We can justify this result by the
fact that the quantum number state |N〉 has the Mandel parameterM = −1;
since, the FLNCS approaches to the state |N〉 with increasing z, as is seen
in Fig. 2.
6.3. Quadrature squeezing
In this subsection, we consider the quadrature operators Xˆ1 and Xˆ2 de-
fined in terms of creation and annihilation operators aˆ and aˆ† as follows :
Xˆ1 =
1
2
(
aˆeiφ + aˆ†e−iφ
)
,
Xˆ2 =
1
2i
(
aˆeiφ − aˆ†e−iφ) . (49)
By using the commutation relation of aˆ and aˆ†, the following uncertainty
relation is obtained
(∆X1)
2(∆X2)
2 ≥ 1
16
∣∣∣〈[Xˆ1, Xˆ2
]〉∣∣∣2 = 1
16
. (50)
As is known, the quadrature squeezing occurs if we have (∆Xi)
2 < 1/4(i =
1or2) or equally Si ≡ 4(∆Xi)2 − 1 < 0. Figs. 5(a) and 5(b) display the
squeezing parameters S1 and S2, respectively, for the FLNCSs with (A,B) =
(2/3, 1/3) as a function of ϕ for z = 0.02 and different values of N .
It is seen that the range of the parameter φ, in which the squeezing occurs,
decreases by increasing N . In this range, the effect of increasing the dimen-
sion N on the squeezing is dependant on φ. Besides, in the areas where the
maximum squeezing occurs, an increase in N leads to increase the squeezing,
while for other φ’s available in this range, increasing of N causes a reduction
in the squeezing.
7. Summary and Concluding Remarks
In this paper, we have introduced an algebraic approach to the Fokas-
Lagerstrom system. We have found that the two-dimensional Fokas-Lagerstrom
algebra can be considered as a deformed one-dimensional harmonic oscillator
algebra. In this manner, we have succeeded to construct the nonlinear coher-
ent states for this potential and studied their quantum statistical properties.
Finally, we have proposed a physical scheme to generate the FLNCSs.
12
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Figure 1: The Q-function Qk (α) =
|〈α|ϕ(k)〉|2
pi
and the counter lines of the Q-function for
the cavity state |ϕ(k)〉 after the k‘th atom has passed through the resonator and has been
detected in ground state for a fix interaction parameter gτ =
pi
5
and (a) k = 0, (b) k = 1
and (c) k = 2 (the three steps for generation of the FLCSs with N = 2).
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Figure 2: Probability of finding n photons in the FLNCSs, versus z, for N=3, A = 2/3
and B = 1/3. Here, the solid red, dashed blue, dashed-dotted orange and dotted green
lines correspond to P (0), P (1), P (2) and P (3), respectively.
Figure 3: The mean number of photons in FLNCSs versus z for A = 2/3 and
B = 1/3. Here, the dotted, dashed and solid lines correspond to N = 5, N = 10
and N = 15, respectively.
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Figure 4: Mandel parameter of the FLNCSs versus z for A = 2/3 and B = 1/3. Here, the
dotted green line corresponds to N = 2, the dashed blue line to N = 4 and the solid red
line to N = 6.
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Figure 5: The squeezing parameters (a) S1 and (b) S2 versus ϕ for z = 0.02 and (A,B) =
(2/3, 1/3). Here, the solid-red, dashed-blue and dotted-green lines correspond to N = 20,
N = 17 and N = 15, respectively.
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